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Abstract
Let F∞(X) be the free topological semilattice over a kω-space X (i.e., the direct limit of a tower
of compacta). It is proved that F∞(X) is homeomorphic to R∞ = lim−→R
n if and only if X is
connected, X has no isolated points and every compactum in X is contained in a finite-dimensional
locally connected compact metrizable subset of X. It is also shown that F∞(X) is homeomorphic
to Q∞ = lim−→Q
n if X is connected and every compact subset of X lies in a Q-manifold M ⊂ X,
where Q= [−1,1]ω is the Hilbert cube. In the above, in case X is not connected, F∞(X) is locally
homeomorphic to R∞ or Q∞. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
A topological semilattice is, by definition, a topological space S equipped with a
continuous operation ∨ :S × S→ S which is reflexive, commutative and associative (i.e.,
x ∨ x = x , x ∨ y = y ∨ x , and (x ∨ y) ∨ z = x ∨ (y ∨ z) for every x, y, z ∈ S). A topo-
logical semilattice S is called a Lawson semilattice if S admits an open base consisting
of subsemilattices. A free topological (Lawson) semilattice over a topological space X is,
by definition, a pair (SL(X), iX) consisting of a topological (Lawson) semilattice SL(X)
and an embedding iX :X→ SL(X) such that every continuous map f :X→ S into any
topological (Lawson) semilattice extends to a unique continuous semilattice morphism
f¯ : SL(X)→ S such that f¯ ◦ iX = f .
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It follows from the definition that if a free topological (Lawson) semilattice exists then it
is unique up to isomorphism. In fact, the hyperspace F(X) of all non-empty finite subsets
of a topological space X, equipped with the Vietoris topology and the union of sets as the
semilattice operation, is a free Lawson semilattice, because the Vietoris topology on F(X)
is generated by subsemilattices of the form
〈U1, . . . ,Un〉 =
{
F ∈ F(X)
∣∣∣ F ⊂ n⋃
i=1
Ui, F ∩Ui 6= ∅ for 16 i 6 n
}
,
where n ∈N andU1, . . . ,Un are open sets inX. Every continuous map f :X→ S ofX into
a topological semilattice (S,∨) extends to a unique semilattice morphism f¯ :F(X)→ S
defined by f¯ ({a1, . . . , an})= f (a1) ∨ · · · ∨ f (an) for any {a1, . . . , an} ∈ F(X). It is easy
to show that this morphism f¯ is continuous with respect to the Vietoris topology on F(X),
provided S is a Lawson semilattice.
What concerns a free topological semilattice overX, as a semilattice, it can be identified
with the semilattice F(X), but the topology must be stronger (finer) than the Vietoris
one so as to guarantee the continuity of the extension f¯ :F(X)→ S of every continuous
map f :X→ S of X into any topological semilattice S. For each n ∈ N, let Fn(X) be
the subspace of F(X) consisting of all non-empty finite subsets of X of cardinality 6 n.
Then the restriction f¯ |Fn(X) is always continuous. In fact, let {x1, . . . , xk} ∈ Fn(X), where
xi 6= xj if i 6= j . For each neighborhood V of f¯ ({x1, . . . , xk}) = f (x1) ∨ · · · ∨ f (xk) in
S, since the operation ∨ is continuous, each f (xi) has a neighborhood Vi in S such that
y1 ∨ · · · ∨ yk ∈ V for (y1, . . . , yk) ∈ V1× · · ·×Vk . Since f (xi)∨ · · · ∨ f (xi)= f (xi) ∈ Vi
for each 1 6 i 6 k, we can choose neighborhoods Wi of points f (xi) in S such that
z1 ∨ · · · ∨ zj ∈ Vi for each j 6 n− k+ 1 and (z1, . . . , zj ) ∈Wji . (In case k = n, Wi = Vi .)
Since f is continuous, each xi has an open neighborhood Ui in X such that f (Ui)⊂Wi .
It is easily observed that f¯ (〈U1, . . . ,Uk〉 ∩ Fn(X))⊂ V .
Having this in mind, consider on F(X) the weak topology with respect to the
tower F1(X) ⊂ F2(X) ⊂ · · ·. The space F(X) endowed with this topology is none
other than the direct limit lim−→Fn(X). For simplicity, we denote F∞(X) = lim−→Fn(X).
Then, the semilattice morphism f¯ :F∞(X)→ S is continuous for every continuous map
f :X→ S of X to any topological semilattice S. Unfortunately, F∞(X), in general, is
not a topological semilattice because of the discontinuity of the semilattice operation
∪ :F∞(X) × F∞(X) → F∞(X), see [2]. In case X is metrizable, this operation is
continuous if and only if X is locally compact (see Appendix A).
However, when X is a kω-space, namely X is the direct limit of a tower of compacta,
F∞(X) becomes a topological semilattice, and thus we can assert the following:
Assertion. F∞(X) is a free topological semilattice over a kω-space X.
This can be proved as follows: Write X = lim−→Xn, where X1 ⊂ X2 ⊂ · · · are compacta.
According to [12],
Fn(X)= Fn
(
lim−→Xi
)= lim−→Fn(Xi) for each n ∈N.
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Then F∞(X) is the direct limit of the tower F1(X1) ⊂ F2(X2) ⊂ · · · of compact spaces
(hence F∞(X) is also a kω-space). Observe that
F∞(X)× F∞(X)= lim−→
(
Fn(Xn)× Fn(Xn)
)
.
(This follows from the compactness of the Fn(Xn)’s.) For every n ∈ N, the semilattice
operation of union∪ :Fn(Xn)×Fn(Xn)→ F2n(Xn) is continuous (because it is continuous
on F(X).) Consequently, the semilattice operation ∪ is continuous on F∞(X) and hence
F∞(X) is a free topological semilattice over a kω-space X.
It should be also remarked that, for any closed or open subset A of a kω-space X, the
natural homomorphism F∞(A)→ F∞(X) is a topological embedding and thus F∞(A)
may be identified with a subsemilattice of F∞(X), see [2] or [8].
Among the most important kω-spaces appearing in infinite-dimensional topology, there
are the spaces R∞ and Q∞. The space R∞ = lim−→R
n is the direct limit of the tower
R1 ⊂ R2 ⊂ · · ·, where each Rn is identified with the subset {(xi)i∈ω | xi = 0 for i > n}
of Rω , the countable product of lines. Replacing R by the Hilbert cube Q = [−1,1]ω,
we can define the space Q∞ = lim−→Q
n
. Topological characterizations of the spaces R∞
andQ∞ as well asR∞- andQ∞-manifolds were given by the second author in [10]. Given
a space E, a manifold modeled on E (briefly an E-manifold) is a paracompact separable
space M locally homeomorphic to E, that is, every point x ∈ M has a neighborhood
homeomorphic to an open subset of E.
Very often free objects turn to be (locally) homeomorphic to some model infinite-
dimensional spaces. For example, for every finite-dimensional compact absolute neigh-
borhood retractX, the free topological group F(X) and the free topological Abelian group
A(X) of X are R∞-manifolds, see [13]. According to [7], the free Lawson semilattice
F(X) of X is homeomorphic to σ =⋃∞n=1Rn ⊂ Rω (the metric counterpart of R∞) if
and only if the space X is metrizable, non-degenerate, connected, locally path-connected,
σ -compact, and strongly countable-dimensional. In this paper, we prove similar results for
free topological semilattices.
Theorem 1. The free topological semilattice F∞(X) of a kω-space X is an R∞-manifold
(homeomorphic to R∞) if and only if X has no isolated points and every compactum
in X is contained in a finite-dimensional locally connected metrizable compactum in X
(additionally,X is connected).
Theorem 2. The free topological semilattice F∞(X) of a kω-space X is a Q∞-manifold
(homeomorphic toQ∞) if every compact subset of X is contained in aQ-manifoldM ⊂X
(additionally,X is connected).
Remark 1. The above theorems could be of interest from the following point of view: For
any two topological spaces X and Y , it is known that if the free Lawson semilattices F(X)
and F(Y ) are topologically isomorphic then the spacesX and Y are homeomorphic. In fact,
the set X = F1(X) coincides with the set of all minimal elements of the semilattice F(X)
(an element x of a semilattice (S,∨) is minimal if for every y ∈ S the equality x ∨ y = x
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implies y = x). Any topological semilattice isomorphism h :F(X)→ F(Y ) preserves the
sets of minimal elements, that is, h(F1(X)) = F1(Y ). Thus, X and Y are homeomorphic.
The same concerns free topological semilattices: every topological isomorphism between
free topological semilattices over X and Y induces a homeomorphism between X and Y ,
see also [2].
Thus, the isomorphic classification of free topological (Lawson) semilattices over topo-
logical spaces X coincides with the topological classification of the spaces X. This is not
true if one consider the topological classification of free topological (Lawson) semilattices.
It follows from [7] that for any non-degenerate finite-dimensional Peano continuaX and Y ,
their free Lawson semilattices F(X) and F(Y ) are homeomorphic. Theorems 1 and 2 show
that their free topological semilattices F∞(X) and F∞(Y ) are also homeomorphic. More-
over, we will show in [3] that for (non-homeomorphic) non-degenerate finite-dimensional
Peano continua X and Y , there always exists a homeomorphism F(X)→ F(Y ) which
is also a homeomorphism as a map F∞(X) → F∞(Y ), i.e., the bitopological spaces
(F∞(X),F(X)) and (F∞(Y ),F(Y )) are homeomorphic (in spite of the fact that the semi-
lattices F(X), F(Y ) and F∞(X), F∞(Y ) are not topologically isomorphic).
2. Proofs of theorems
The proofs of theorems will involve the following characterization of R∞- or Q∞-
manifolds due to the second author, see [10].
Lemma 1. A topological space X is a Q∞-manifold (an R∞-manifold) if and only if
(1) X is the direct limit of a tower X1 ⊂ X2 ⊂ · · · of (finite-dimensional) metrizable
compacta;
(2) every embedding f :B→X of a closed subset of a (finite-dimensional) metrizable
compactum A can be extended to an embedding f¯ :U→X of some neighborhood
U of B in A.
In the above, replacing U by the whole A, we have the characterizations ofQ∞ or R∞.
To apply this characterization, we will need the following two lemmas whose proofs are
postponed to the end of the paper because of their complex and technical character.
Lemma 2. If X is a non-degenerate connected locally path-connected metrizable space,
then every embedding f :B → F∞(X) of a closed subset B of a finite-dimensional
metrizable compactum A can be extended to an embedding f¯ :A → F∞(X) of the
whole A.
Lemma 3. If a spaceM is homeomorphic the productX×[−1,1] for some spaceX, then
for every n ∈N there exists a continuous injection
g :Fn(M)× [0,1]→ Fn(20n+1)(M)
such that g(F,0)= F for every F ∈ Fn(M).
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Remark 2. Lemmas 2 and 3 give a partial answer to the question posed at the end of [6,
§5]: in case a Peano continuum 2 X is either finite-dimensional or homeomorphic to the
product Y × [−1,1] for some Y , the tower F1(X)⊂ F2(X)⊂ · · · is finitely expansive, that
is, for every n ∈ N there are m ∈ N and an embedding e :Fn(X)× [0,1] → Fm(X) such
that e(F,0)= F for every F ∈ Fn(X).
In the sequel, we will also need the following lemma from [7]:
Lemma 4 [7, Lemma 3.3]. For each k > 1, there exists a map r :Bk+1→ F3(Sk) such
that r(x)= {x} for each x ∈ Sk , where Bk+1 is the unit (k + 1)-ball and Sk the boundary
k-sphere of Bk+1.
Proof of Theorem 1. To prove the “only if” part, suppose F∞(X) is an R∞-manifold.
We identify X = F1(X) ⊂ F∞(X). Since F∞(X) is an R∞-manifold, every compactum
K ⊂ X is contained in some locally connected compactum M ⊂ F∞(X). Then, by
Lemma 2.2 of [7], the unionM =⋃M is a locally connected compactum in X containing
the set K . Since M ⊂ X = F1(X) ⊂ F∞(X) and all compacta in R∞-manifolds are
metrizable and finite-dimensional,K is contained in a finite-dimensional locally connected
metrizable compact set M ⊂ X. Next, if X has an isolated point x then {x} is an
isolated point in F∞(X), what is impossible because F∞(X) is an R∞-manifold. In case
F∞(X) is homeomorphic to R∞, X is connected. Otherwise, X has non-empty disjoint
open sets U and V such that X = U ∪ V . Then F(X) is covered by disjoint open sets
〈U〉 = {F ∈ F(X) | F ⊂ U} and 〈V,X〉 = {F ∈ F(X) | F ∩ V 6= ∅}. However, F(X) is
connected since F∞(X) is. This is a contradiction.
To prove the “if” part, suppose that every compactum in X is contained in a finite-
dimensional locally connected metrizable compactum and X has no isolated points. First
note that X is the direct limit of a tower X1 ⊂ X2 ⊂ · · · of finite-dimensional locally
connected metrizable compacta. In fact, write X = lim−→X
′
n, where X′1 ⊂ X′2 ⊂ · · · are
compacta. Inductively, choose finite-dimensional locally connected metrizable compacta
Xn ⊂X, n ∈N so that Xn ⊃X′n ∪Xn−1 (where X0 = ∅). Since each compactum in X is
contained in some X′n, it follows that X = lim−→Xn.
Now, we will show that each point x ∈X has an open neighborhoodU such that F∞(U)
is homeomorphic to R∞. Without loss of generality, we may assume x ∈ X1. For each
n ∈N, let Yn be the connected component ofXn containing the point x . Since Xn is locally
connected, Yn is a connected clopen set in Xn. Thus every Yn is a finite-dimensional Peano
continuum. Moreover, U =⋃∞n=1 Yn is an open neighborhood of x in X and U = lim−→Yn.
Since x is a non-isolated point of X, we may assume that every Yn is non-degenerate.
Let us show that F∞(U) is homeomorphic to R∞. By [4], every Fn(Yn) is a
finite-dimensional metrizable compactum. Hence, F∞(U) = lim−→Fn(Yn) satisfies the first
condition of Lemma 1. To verify the second condition, fix an embedding f :B→ F∞(U)
of a closed subset of a finite-dimensional metrizable compactum A. Since f (B) is a
2 A connected, locally connected, compact metrizable space is called a Peano continuum.
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compact set in F∞(U) = lim−→Fn(Yn), it is contained in some Fn(Yn) ⊂ F∞(Yn). By
Lemma 2, the embedding f extends to an embedding f¯ :A→ F∞(Yn) ⊂ F∞(U) of the
whole A. Therefore, F∞(U) is homeomorphic to R∞ according to Lemma 1.
Remark that for every open subset W ⊂ U , F∞(W), being an open set in F∞(U), is
an R∞-manifold. Therefore, x has arbitrarily small neighborhoods W such that the free
topological semilattice F∞(W) is an R∞-manifold.
Now, we are able to show that F∞(X) is an R∞-manifold. To this end, it suffices to
prove that each A ∈ F∞(X) has an open neighborhood which is an R∞-manifold. Write
A= {a1, . . . , an} ⊂X, where the points ai ∈X are pairwise distinct. In this setting, we can
find pairwise disjoint open neighborhoods Ui ⊂X of the points ai , respectively, such that
the free topological semilattices F∞(Ui) are R∞-manifolds. Then
〈U1, . . . ,Un〉 =
{
B ∈ F∞(X)
∣∣∣ B ⊂ n⋃
i=1
Ui, B ∩Ui 6= ∅ for 16 i 6 n
}
is an open neighborhood of A in F∞(X). We have a homeomorphism
h : 〈U1, . . . ,Un〉→ F∞(U1)× · · · × F∞(Un)
defined by h(B) = (B ∩ U1, . . . ,B ∩ Un) for B ∈ 〈U1, . . . ,Un〉. Thus 〈U1, . . . ,Un〉 is
homeomorphic to the product F∞(U1)× · · · × F∞(Un) which is an R∞-manifold.
Finally, let us show that F∞(X) is homeomorphic to R∞ in case the space X is
connected. Since the topological classification of R∞-manifolds coincides with their
homotopical classification (see [10]), it suffices to prove that the space F∞(X) is
homotopically trivial. Next, since each R∞-manifold has the homotopy type of a CW-
complex (by the Triangulation Theorem [10]), it suffices to prove that all the homotopy
groups pin(F∞(X)) vanish. For n > 1, this follows from Lemma 4. Indeed, if f :Sn→
F∞(X) is a map of the n-sphere, then, by the compactness of Sn, f (Sn) ⊂ Fm(X)
for some m ∈ N. By Lemma 4, we have a map r :Bn+1 → F3(Sn) of the (n + 1)-
ball extending the identity embedding Sn → Sn = F1(Sn) ⊂ F3(Sn). Then f extends
to the map f¯ :Bn+1 → F3m(X) ⊂ F∞(X) defined by f¯ (b) =⋃s∈r(b) f (s). Therefore,
pin(F∞(X)) = 0 for n > 1. It remains to show that pi0(F∞(X)) = 0, that is, the space
F∞(X) is path-connected. Since F∞(X) is locally path-connected (as an R∞-manifold), it
suffices to show that F∞(X) is connected. Remark that the connectedness ofX implies the
connectedness of each Fn(X), which is a continuous image of the nth power of X. Hence
F∞(X)=⋃∞n=1 Fn(X) is connected as well. 2
Proof of Theorem 2. Suppose X is a kω-space such that any compactumK in X lies in a
Q-manifoldM ⊂X. Then, by the same argument in the proof of Theorem 1, we can write
X as the direct limit of a tower M1 ⊂M2 ⊂ · · · of compact Q-manifolds. By [4], each
Fn(Mn) is a compact Q-manifold. Then F∞(X) satisfies the first condition of Lemma 1.
Let us verify the second condition of Lemma 1. Let f :B→ F∞(X) be an embedding
of a closed subset B of a metrizable compact space A. Then f (B) is a compact subspace
of F∞(X) = lim−→Fn(Mn) and hence f (B) ⊂ Fn(Mn) for some n ∈ N. Thus f (B) lies
in a Q-manifold Fn(Mn). Next, identifying Fn(Mn) with the Z-set Fn(Mn)× {0} in the
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Q-manifold Fn(Mn) × [0,1], we extend the embedding f :B → Fn(Mn) × {0} to an
embedding h :U→ Fn(Mn)× [0,1] of some compact neighborhood U ⊂ A of B , see [5,
§18]. It follows from the stability of Q-manifolds (see [5, §15]) that Mn is homeomorphic
to the productMn × [−1,1]. Applying Lemma 3, we can find an embedding
g :Fn(Mn)× [0,1]→ Fn(20n+1)(Mn)
such that g(F,0) = F for every F ∈ Fn(Mn). Then the embedding f¯ = g ◦ h :U →
Fn(20n+1)(M)⊂ F∞(X) is an extension of the embedding f . Thus the second condition of
Lemma 2 is also satisfied. Consequently, F∞(X) is a Q∞-manifold.
In case the space X is connected, similarly to Theorem 1, we can show that the Q∞-
manifold F∞(X) is homotopically trivial, so it is homeomorphic to Q∞. 2
3. Proofs of Lemmas 2 and 3
The forthcoming proofs depend on the following elementary lemma which is derived
from Lemma 5.2 of [6].
Lemma 5. Let a, a′, t, t ′ ∈R. If (a, t) 6= (a′, t ′) then the intersection{
a + t2−2k | k ∈N}∩ {a′ + t ′2−2k | k ∈N}
contains at most two points.
Proof. We show that if (a, t) 6= (a′, t ′) then the equation
a + t2−2k = a′ + t ′2−2` (∗)
has at most two solutions in integers k, `.
First, suppose a 6= a′. If t = t ′ = 0 then the equation (∗) has no solutions. If t, t ′ 6= 0,
then (∗) is equivalent to the equation (a − a′) + t2−2k = t ′2−2` , which has at most two
solutions in integers k, ` by Lemma 5.2 of [6]. If t 6= 0 and t ′ = 0, then |(a− a′)/t| = 2−2k
follows from (∗). By taking logarithms, we have the equation log2 |(a − a′)/t| = −2k ,
which has at most one solution in integers k. The case t ′ 6= 0 and t = 0 is all the same.
Next, suppose a = a′. Then t 6= t ′ and (∗) is equivalent to t2−2k = t ′2−2` . If t = 0
or t ′ = 0 then this equation has no solutions. If t, t ′ 6= 0, then |t/t ′|2−2k = 2−2` follows
from (∗). By taking logarithm, log2 |t/t ′| − 2k =−2`, which has at most two solutions in
integers k, ` by Lemma 5.2 of [6]. 2
Proof of Lemma 3. For each (a, t) ∈ [−1,1] × [0,1], consider the set
f (a, t)= {a, a + t (1− a)2−2k , a − t (1+ a)2−2k | 16 k 6 10n}⊂ [−1,1].
By Lemma 5, it is easy to see that if (a, t) 6= (a′, t ′) then the sets f (a, t) and f (a′, t ′) have
at most ten common points. Now, consider the map
g :Fn
(
X× [−1,1])× [0,1]→ Fn(20n+1)(X× [−1,1])
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defined by g(F, t) = ⋃(x,a)∈F {x} × f (a, t) for F ∈ Fn(X × [−1,1]) and t ∈ [0,1].
Since f (a,0) = {a} for every a ∈ [−1,1], it follows that g(F,0) = F for every F ∈
Fn(X × [−1,1]). Note that g(F,0) = F has at most n points and g(F, t) has at least
10n+ 1 points for t > 0. Moreover, observe that {x ′} × f (a′, t ′) 6⊂ g(F, t) if (x ′, a′) /∈ F
and t ′ > 0. Then it is a routine to verify that the map g is injective. 2
For the proof of Lemma 2, we improve Proposition 5.1 of [6] as follows:
Lemma 6. For every finite graph Γ and every n ∈ N, there is an embedding e :Fn(Γ )×
[0,1]→ Fn(20n+1)(Γ ) such that e(F,0)= F for every F ∈ Fn(Γ ).
Proof. For every vertex v of Γ , pick up a neighboring vertex g(v) of Γ . Similarly to the
proof of Lemma 3, we will first construct a map f :Γ × [0,1] → F20n+1(Γ ) as follows:
Let (x, t) ∈ Γ × [0,1]. Evidently, the point x ∈ Γ can be written as x = (1− a)v0 + av1,
where v0 and v1 are neighboring vertices of Γ and a ∈ [0, 12 ]. Let h : [−1,1] → Γ be
the PL map determined by the conditions h(0)= v0, h(1)= v1 and h(−1)= g(v0). Note
h(a)= x . We define
f (x, t)=

{
h(a), h(a− at2−2k ), h(a+ 2t (a − 14 )2−2
k
) | 16 k 6 10n}
if 14 6 a 6
1
2 ;{
h(a), h(a− at2−2k ), h(a+ t ( 14 − a)2−2
k
) | 16 k 6 10n}
if 06 a 6 14 and g(v0)= v1;{
h(a), h(a− at2−2k ), h(a− t ( 14 − a)2−2
k
) | 16 k 6 10n}
if 06 a 6 14 and g(v0) 6= v1.
Notice that if a = 12 then x has two representations 12v0 + 12v1 and 12v1 + 12v0, but f (x, t)
is uniquely determined as the set{
x,
( 1
2 ∓ 12 t2−2
k)
v0 +
( 1
2 ± 12 t2−2
k)
v1 | 16 k 6 10n
}
.
When a = 0, the value of f (x, t) depends only on v0 and g(v0) and is equal to
f (v0, t)=
{
v0,
(
1− 14 t2−2
k)
v0 + 14 t2−2
k
g(v0) | 16 k 6 10n
}
.
Using these remarks, one may show that the map f :Γ × [0,1] → F20n+1(Γ ) is well-
defined and continuous. Evidently, f (x,0)= {x} for every x ∈ Γ and each f (x, t) has at
least 10n+ 1 points for t > 0. Moreover, it follows from Lemma 5 that if (x, t) 6= (x ′, t ′)
then the set f (x, t) and f (x ′, t ′) have at most ten common points. Consider the map
e :Fn(Γ )× [0,1]→ Fn(20n+1)(Γ )
defined by
e(F, t)=
⋃
x∈F
f (x, t) for (F, t) ∈ Γ × [0,1].
Then e(F,0) = ⋃x∈F f (x,0) = F for any F ∈ Fn(Γ ). Note that e(F,0) = F has at
most n points and e(F, t) has at least 10n + 1 points for t > 0. Moreover, observe that
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f (x ′, t ′) 6⊂ e(F, t) if x ′ /∈ F and t ′ > 0. Then it is a routine to verify that e is injective.
Since Fn(Γ ) is compact, the map e is an embedding. 2
Proof of Lemma 2. Let X be a non-degenerate connected locally path-connected
metrizable space and let f :B→ F∞(X) be an embedding of a closed subset B of a finite-
dimensional metrizable compactum A.
According to [7, Lemma 4.3],X has an admissible path-length metric d , that is, for each
x, y ∈X,
d(x, y)= inf{diamd α | α is a path between x and y}.
Let dH be the Hausdorff metric on F(X) induced by the metric d . Without loss of
generality, we may assume diamd X 6 1, and consequently diamdH F(X)6 1.
The set f (B), being a compact set in F∞(X)= lim−→Fn(X), is contained in some Fn(X).
Let ρ be the metric on B inherited from F(X) through the embedding f :B→ Fn(X) ⊂
(F(X), dH ), that is,
ρ(b, b′)= dH
(
f (b), f (b′)
)
for b, b′ ∈B.
Applying [9] (cf. [11]), extend the metric ρ over the whole compactum A. This metric on
A is denoted by the same symbol ρ. For any non-empty subsets C,C′ ⊂ A, we denote
ρ(C,C′)= inf{ρ(c, c′) | c ∈C, c′ ∈C′}.
Denote by O(a, ε)= {x ∈ A | ρ(x, a) < ε} the open ε-ball around a in A and consider
the cover O = {O(a,ρ(a,B)/3) | a ∈ A \ B} of A \ B . Let V be a locally finite open
refinement of O such that dimN(V) 6 dimA, where N(V) is the nerve of V . Then, it
follows that
diamV < 2ρ(V,B) for each V ∈ V . (1)
Let {λV }V∈V be a partition of unity on A \B subordinated to V and κ :A \B→N(V) be
the map defined by
κ(a)=
∑
V∈V
λV (a) · V for a ∈A \B.
Now, our aim is to construct a map pi :N(V)→ Fm1(X) \ Fn(X) for some m1 ∈ N so
that pi ◦ κ :A \B→ Fm1(X) continuously extends to the map g :A→ Fm1(X) defined by
g|B = f . By N(V)(k), we denote the k-skeleton of N(V). We will construct the map pi
skeletonwise.
First, we define the map pi on the 0-skeleton N(V)(0) = V . For each V ∈ V , choose
bV ∈ B so that ρ(bV ,V ) < 2ρ(B,V ), and then choose pi(V ) ∈ Fn+1(X) \ Fn(X) so that
dH(pi(V ),f (bV )) < ρ(B,V ) (such a choice is possible because f (B)⊂ Fn(X) and Fn(X)
is nowhere dense in Fn+1(X)). Thus we obtain the map pi on the 0-skeleton N(V)(0) into
Fn+1(X) \ Fn(X) such that for every V,V ′ ∈ V
dH
(
pi(V ),pi(V ′)
)
6 dH
(
pi(V ),f (bV )
)+ dH (f (bV ), f (bV ′))+ dH (f (bV ′),pi(V ′))
< ρ(V,B)+ ρ(bV , bV ′)+ ρ(V ′,B). (2)
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When V ∩ V ′ 6= ∅, we can estimate ρ(bV , bV ′) as follows: Taking (1) into account, we get
ρ(bV , bV ′)6 ρ(bV ,V )+ diamV + diamV ′ + ρ(bV ′ ,V ′)
< 4ρ(V,B)+ 4ρ(V ′,B). (3)
It follows from (2) and (3) that if V ∩ V ′ 6= ∅ then
dH
(
pi(V ),pi(V ′)
)
< 5ρ(V,B)+ 5ρ(V ′,B)6 10 max{ρ(V,B),ρ(V ′,B)}.
Next, we will extend the map pi over the 1-skeleton N(V)(1). Since V is countable, we
apply Lemma 4.4 of [7] to obtain a tower (Γi)i∈N of connected finite graphs in X such
that pi(V) =⋃V∈V pi(V ) ⊂⋃i∈NΓi and each pair of points x, y ∈ Γi can be connected
by a path α in Γi+1 with diamα < d(x, y)+ 1/i . Consider a 1-simplex τ of N(V)(1) with
vertices V,V ′ ∈ V and the barycenter bτ . Note V ∩ V ′ 6= ∅. Set pi(bτ )= pi(V )∪ pi(V ′) ∈
F2(n+1)(X) and choose iτ ∈ N so that pi(bτ ) ⊂ Γiτ and 1/iτ < max{ρ(V,B),ρ(V ′,B)}.
By the path property of the tower (Γi)i∈N, we have paths in F2(n+1)(Γiτ+1) \ Fn(Γiτ+1)
from pi(bτ ) to pi(V ) and to pi(V ′) with diameters less than dH (pi(V ),pi(V ′))+ 1/iτ . This
permits to extend pi over the 1-simplex τ with
diampi(τ) < 2dH
(
pi(V ),pi(V ′)
)+ 2/iτ < 22 max{ρ(V,B),ρ(V ′,B)}.
In this fashion, pi is defined over the 1-skeletonN(V)(1) into F2(n+1)(X)\Fn(X) such that
for every simplex τ of N(V),
diampi
(
τ ∩N(V)(1))< 44 max{ρ(V,B) | V ∈ τ ∩N(V)(0)}. (4)
The extension of pi over the higher-dimensional skeleta of N(V) is accomplished by
using of Lemma 4. In fact, suppose that pi has been defined on the boundary ∂τ of a
simplex τ of N(V). Then, using a map r : τ → F3(∂τ ) with r(b)= {b} for each b ∈ ∂τ ,
we define pi(x)=⋃y∈r(x) pi(y) for each x ∈ τ . This procedure defines a continuous map
pi :N(V)→ Fm1(X) \ Fn(X), where m1 = 3dimA · 2(n+ 1). It follows from (4) that this
map pi satisfies the following condition:
diampi(τ) < 44 max
{
ρ(V,B) | V ∈ τ ∩N(V)(0)}
for every simplex τ ∈N(V). (5)
Let h :A→ Fm1(X) be the map defined by h|A\B = pi ◦κ and h|B = f . We shall show
that dH (h(a),h(b))6 50ρ(a, b) for any a ∈ A and b ∈ B , which implies the continuity
of h at the point b ∈ B . The case a ∈ B is trivial (dH(h(a),h(b)) = dH (f (a), f (b)) =
ρ(a, b)), so we suppose a ∈ A \ B . Let τa be the simplex of N(V) spanned by all V ∈ V
containing a. Then κ(a) ∈ τa and diampi(τa) < 44ρ(a,B)6 44ρ(a, b) by (5). Take any
vertex V of τa . Since a ∈ V ∈ V and diamV < 2ρ(V,B) by (1), it follows that
dH
(
h(a),h(b)
)
6 diam
(
pi(τa)
)+ dH (pi(V ),f (bV ))+ dH (f (bV ), f (b))
6 44ρ(a, b)+ ρ(V,B)+ ρ(bV , b)
6 44ρ(a, b)+ ρ(a, b)+ ρ(bV , a)+ ρ(a, b)
6 46ρ(a, b)+ ρ(bV ,V )+ diamV
6 46ρ(a, b)+ 4ρ(V,B)6 50ρ(a, b).
Thus f can be extended to a map h such that h(A \B)⊂ Fm1(X) \ Fn(X).
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Finally, we will “move” the map h a little to make it injective. For every i ∈N, let
Wi =
{
a ∈A | 2−4i+1 < dH
(
h(a),Fn(X)
)
< 2−4i+4
}
,
W ′i =
{
a ∈A | 2−4i−1 < dH
(
h(a),Fn(X)
)
< 2−4i+2
}
,
Ai =
{
a ∈A | dH
(
h(a),Fn(X)
)
> 2−4i−2
}
,
and let W ′0 = ∅. It is easily seen that each Ai is closed in A, Ai ∩ B = ∅, Wi ∪W ′i ⊂ Ai
and
A \B =
⋃
i∈N
Wi ∪
⋃
i∈N
W ′i .
Since V is locally finite, Ai meets only finitely many of V ∈ V . Then we can choose
k(i) ∈N so that h(Ai)⊂ Fm1(Γk(i)) by the construction of the map pi .
Let Bk+1+ = {(x1, . . . , xk+1) ∈ Bk+1 | xk+1 > 0}, and Sk+ = Sk ∩ Bk+1+ . By using Lem-
ma 6, for every i ∈N, we can construct embeddings
ei :Fm1(Γk(i))×B2 dim(A)+2+ → Fm2(Γk(i)) and
e′i :Fm2(Γk(i))×B2 dim(A)+2+ → Fm3(Γk(i)),
where m2 and m3 are integers depending only on m1 and dimA, such that ei(F,0) = F ,
e′i (F ′,0) = F ′, ρ(F, ei(F, t)) < 2−4i−1ε and ρ(F ′, e′i (F ′, t)) < 2−4i−4ε for every t ∈
B
2 dim(A)+2
+ , F ∈ Fm1(Γk(i)) and F ′ ∈ Fm2(Γk(i)). Let {ηi, η′i}i∈N be a partition of unity on
A \ B subordinated to the cover {Wi,W ′i }i∈N. Fix any embedding q :A→ S2 dim(A)+1+ ⊂
B
2 dim(A)+2
+ . We define the map f¯ :A→ Fm3(X) as follows:
f¯ (a)=

f (a) if a ∈ B;
ei(h(a), ηi(a)q(a)) if a ∈Wi \ (W ′i ∪W ′i−1);
e′i (ei(h(a), ηi(a)q(a)), η′i(a)q(a)) if a ∈W ′i ∩Wi ;
e′i (h(a), η′i(a)q(a)) if a ∈W ′i \ (Wi ∪Wi+1);
e′i (ei+1(h(a), ηi+1(a)q(a)), η′i(a)q(a)) if a ∈W ′i ∩Wi+1.
Routine verification shows that the map f¯ is a continuous injection with f¯ |B = f . Since
A is compact, f¯ :A→ Fm3(X)⊂ F(X) is a required embedding. 2
Appendix A
Here we show the following:
Proposition. In case X is separable metrizable, the operation ∪ :F∞(X) × F∞(X)→
F∞(X) is continuous if and only if X is locally compact.
Proof. The “if” part follows from the assertion in the Introduction since a locally compact
separable metrizable spaces is a kω-space.
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To see the “only if” part, suppose that the operation ∪ :F∞(X)× F∞(X)→ F∞(X) is
continuous. If X is non-locally compact, then it contains a closed topological copy of the
space T = {(0,0)} ∪ {(1/n,1/nm) | n,m ∈N} ⊂ R2 (e.g., see Lemma 7 of [1]). For every
n,m ∈N, consider the points
an,m =
{( 1
n
, 1
nm
)} ∈ F1(T )⊂ F1(X),
bn,m =
{( 1
m
, 1
m
)
,
( 1
m+1 ,
1
m+1
)
, . . . ,
( 1
m+n ,
1
m+n
)} ∈ Fn(X)
and let
Zn =
{
an,m ∪ bn,m |m> n
}⊂ Fn+1(X).
It is easily seen that the set Zn is closed in Fn+1(X) and Zn ∩ Fn(X) = ∅. Then, the set
Z =⋃n∈NZn is closed in F∞(X) because Z ∩ Fn+1(X)=Zn for each n ∈ N. Moreover,
note that Z 63 {(0,0)}. By the continuity of the operation ∪ :F∞(X)× F∞(X)→ F∞(X),
we can find an open neighborhood V of {(0,0)} in F∞(X) such that
∪(V × V)= {A∪A′ |A,A′ ∈ V}⊂ F∞(X) \Z.
Since the set V ∩ F1(X) is an open neighborhood of {(0,0)} in F1(X), we can choose
n ∈ N so that an,m = {(1/n,1/nm)} ∈ V for every m ∈ N. Since V ∩ Fn(X) is an open
neighborhood of {(0,0)} in Fn(X) and the sequence (bn,m)m>n in Fn(X) converges to
{(0,0)}, it follows that bn,m ∈ V for some m > n, whence an,m ∪ bn,m ∈ ∪(V × V) ⊂
F∞(X) \ Z. But an,m ∪ bn,m ∈ Zn ⊂ Z by the construction of Z. This is a contradiction.
Therefore,X must be locally compact. 2
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